We characterise the eigenfunctions of an equilateral triangle billiard in terms of its nodal domains. The number of nodal domains has a quadratic form in terms of the quantum numbers, with a non-trivial number-theoretic factor. The patterns of the eigenfunctions follow a group-theoretic connection in a way that makes them predictable as one goes from one state to another. Extensive numerical investigations bring out the distribution functions of the mode number and signed areas. The statistics of the boundary intersections is also treated analytically. Finally, the distribution functions of the nodal loop count and the nodal counting function are shown to contain information about the classical periodic orbits using the semiclassical trace formula. We believe that the results belong generically to non-separable systems, thus extending the previous works which are concentrated on separable and chaotic systems.
Introduction
The experimental study of vibrating plates begins with Chladni in 1787 [1] . By sprinkling fine sand on a metallic disc supported at its centre, the act of drawing a bowstring across an edge made sand particles to jump into a geometrical design. Chladni demonstrated that the pattern thus formed was the nodal pattern of the plate -he experimented with square, circular, hexagonal, rectangular, elliptical, semicircular, and triangular plates. From that time, the subject has attracted a lot of attention of mathematicians and physicists [2] .
The questions related to the quantification of nodal patterns have persisted through the transition from classical to quantum physics [3] . Counting and classifying patterns is quite difficult in general. A lot of progress has been made in recent times, mostly when the plates are separable or fully chaotic as we describe below. In present times, "Chladni experiments" have turned into studies on billiards wherein a point particle moves freely inside an enclosure, reflecting specularly from the boundaries in accordance with the Snell's law. The quantum problem then involves solving the Schrödinger equation for the system with Dirichlet boundary conditions. The eigenfunctions obtained there are then subjected to the study of nodal lines and domains.
The nodal domains of a real wavefunction may be defined as maximally connected regions wherein the function does not change sign. The sequence of the number of nodal domains of the eigenfunctions of the Schrödinger equation contains significant geometric information about the system [4] . As shown in [5] , the distribution of nodal domains can serve to distinguish between systems which are integrable (with the Laplacian being separable) and non-integrable (with classically chaotic ray dynamics), and the limiting distribution, which always exists for separable domains, can give a new criterion for chaos in quantum mechanics. The problem of the equilateral triangle billiards presents an example of a non-separable system that is analysed here. We present our study on this system by making extensive numerical investigations. Analysis through this enormous data leads us to several interesting conjectures (Section 2), connections with the symmetry group and statistical studies on domains (Section 3) where some analytical results are also given.
It may be worth pointing out that the number of nodal domains for a separable billiard like a rectangle is quite simple. This is because the eigenfunctions are products of trigonometric functions (sine functions) in x and y variables. This results in the total number of domains equalling the product of the quantum numbers. The complication arises from the fact that the ordering of energy levels (labelled by the index j) does not follow the number of nodal domains, ν j . Thus the distribution of the mode number ν j /j presents a difficult problem. There exists a limiting distribution for this system, found in [6] . For the right isosceles triangle, a non-separable system, the eigenfunctions can be written as a sum of two terms, each a product of the type one has in a rectangular case. For this case, some inspired guess work and graph-theoretic methods help in getting some interesting results [7] . In the case of an equilateral triangle, there are three terms and, as mentioned above, as one considers even slightly higher lying states, it becomes clear that the graph-theoretic method becomes hard to apply [8] . The eigenvalue problem, which is defined by the Laplacian ∆ on a compact Riemannian manifold of dimension two along with the imposition of Dirichlet boundary conditions on the manifold, is stated as
The eigenfunctions of the Laplace-Beltrami operator for the general equilateral triangle billiard, with L being the length of each side, form a complete orthogonal basis and are given by [9, 10] as
where m and n are integer quantum numbers with the restriction m ≥ 2n and m, n > 0. The eigenfunctions ψ c m,n and ψ s m,n correspond to the symmetric and antisymmetric modes respectively [10] . The spectrum of the eigenvalues of the Hamiltonian for the system is given by E m,n = 16 9
, where µ is the mass of the particle.
This spectrum is arranged in an increasing order of the energy eigenvalues and is represented as the sequence {E j } ∞ j=1 such that E j ≤ E j+1 . The number of nodal domains for ψ m,n is denoted by ν m,n and {ν j } ∞ j=1 thus defines the sequence of nodal domain counts. Certain degeneracies inevitably arise in the spectrum due to the fact that E m,n is the same for both ψ c m,n and ψ s m,n [11] . For such cases, the wavefunction for the anti-symmetric mode is assigned an index j i + 1, where j i is the index of the corresponding symmetric mode. This is justified by the consideration that the ground state, which has no nodes and thus must be assigned j = 1, is a symmetric mode. Moreover, for an r-fold degenerate eigenvalue of a particular mode (degeneracies may also arise due to number-theoretic origins), it is arbitrarily chosen to define j by ordering the r degenerate eigenvalues in an increasing order of the quantum number n. This convention effectively orders the degeneracies in an increasing order of m as well so the two quantum numbers are essentially equivalent with regard to the choice. It was shown by Courant that for a domain on R 2 , ν j ≤ j ∀j ∈ N [2] and the arrangement of the spectrum respects this statement.
The pattern of nodal domains for the anti-symmetric mode may be constructed through the juxtaposition of the nodal domain patterns of two triangles with angles 30 • − 60 • − 90 • that are exactly antisymmetric with respect to each other as illustrated by Figure 2 .1. Hence, we consider only the eigenfunctions of the symmetric mode of vibration, defined above by ψ c m,n , hereafter referred to as simply ψ m,n .
The pattern of nodal domains
The nodal pattern of the eigenfunctions of the equilateral triangle exhibits certain symmetry relations, one of which is reflected in a tiling structure of the nodal lines. The nodal set of the eigenfunction ψ m,n with m ≥ 2n and gcd(m, n) = d > 1 is composed of d 2 identical nodal patterns which are similar to the nodal set of the eigenfunction ψ m ,n with m = m/d and n = n/d. This arrangement, which directly follows from (1.3), is illustrated by the examples in Figure 2 .1.
Each of the tiles corresponding to the nodal pattern of ψ m ,n is contained within an equilateral subtriangle of area
The complete nodal pattern is constituted by these subtriangles which together tessellate the plane of the equilateral triangle upon reflection. The tiling nature of the wavefunctions when gcd(m, n) = 1 is by no means an exclusive feature of the equilateral triangle billiard only -the same behaviour has also been demonstrated for the isosceles right-angled triangle by [7] . Since the number of nodal domains ν m,n may be easily obtained from the nodal domain count for the reduced values m and n through the relation ν m,n = d 2 ν m ,n , it suffices to consider the nodal count for the non-tiling case wherein d = gcd(m, n) = 1. The following Sections maintain this implicit assumption and we discuss only nontiling wavefunctions, unless mentioned otherwise. It is often simpler to decompose the nodal count in terms of the number of boundary intersections (ν m,n ) and nodal loops (I m,n ) in accordance with the approach outlined in [7] .ν m,n represents the number of intersections of the nodal set with the boundary ∂D of the 2-D manifold i.e. the number of times where the boundaryf unction, the normal derivative of the wavefunction under Dirichlet conditions, vanishes on ∂D. Nodal loops may be recognised as nodal curves ("lines") which neither touch the boundary nor intersect themselves or any other nodal line. The nodal loops therefore enclose interior domains whose boundaries do not include the boundaries of the equilateral triangle itself. For a non-tiling wavefunction ψ m ,n , the relation between these terms is [7] ν m,n = 1 + 1 2ν
The nodal domain count can thus be obtained by combining the boundary intersections count and the nodal loop count in (2.1). We present certain partial formulae for the total number of nodal domains and the nodal loop count along with an exact formula forν m,n in the following subsections.
The number of nodal domains
The nodal domain count may be numerically determined for a given function using the Hoshen-Kopelman algorithm [12] . The applicability of the algorithm stems from the convenient fact that the nodal lines of the equilateral triangle do not intersect under non-tiling circumstances. Although the eigenfunction is represented on a grid of a finite resolution, accuracy of the count is maintained by ensuring that the resolution is sufficiently large so as to distinguish between nodal lines near avoided intersections. An instructive critique may be seen in [13] .
Each non-tiling wavefunction ψ m,n , for a fixed value of n, may be categorised into one of at most 3(n − 1) equivalence classes depending on the value of the residue c = m mod 3n. The sequence of nodal domain counts for each class, when analysed with regard to the second difference of ν m,n , shows the existence of the recurrence relation This observation stems from an extensive investigation over 8050 eigenfunctions. The equation (2.2) can be analytically solved to yield the following result:
where α and β are two parameters dependent on c and n. Comparison of (2.3) with the tables of evaluated domain counts clearly indicates α = (3n − n 2 ) 2 . This, when coupled with further observations about the nature of the parameter β, helps to effectively reduce (2.3) into two major cases:
Although the explicit forms of the functions F 1 and F 2 are not exactly known, certain functional relations and properties are observed to be satisfied, which are as enlisted below:
Therefore, an exact formula for the number of domains is obtained whenever n equals c + 1, 2c + 1 or 2c + 2. The existence of an exact formula has also been verified for all cases whenever c = 1 (0 < c < n), irrespective of the value of n, and is given by Moreover, a reasonable approximation to the total number of domains can be made by substituting F 1 (c, 2c + 1) in lieu of F 1 (c, n) in (2.4) since the value thus obtained is always an upper bound to ν j for any given values of c and n satisfying 0 < c < n. Similar investigations into the nature of F 2 show that F 1 (c 1 , n) and F 2 (c 2 − n, n) (where 0 < c 1 < n and n < c 2 < 3n) share common elements in their sets of possible values for a given class, but are not identical, if c 1 = c 2 − n.
The number of nodal domains for the equilateral triangle billiard is shown in Figure  2 .2 with reference to the variation of j for the first 12045 wavefunctions of the symmetric mode. The corresponding plot of log ν j against log j is clearly bounded by two straight lines of slopes nearly equal to 0.5 and 1. This proves the simultaneous presence of both the scalings ν j ∼ j 1/2 and ν j ∼ j for high j, which hold for boundary domains and interior domains respectively.
The boundary intersection count
The number of boundary intersections of the wavefunction encodes the characteristics of the classical ray dynamics of the billiards system since the wavefunction is completely defined by its corresponding boundary function. Extensive analysis of numerical data reveals that in the absence of a tiling structure,
where δ i,j denotes the Kronecker symbol. However, in the tiling case i.e. when d = 1,
It is apparent that (2.7) simply reduces to (2.6) for the non-tiling case when d = 1. Therefore,ν m,n for the eigenfunctions having a tiling structure may be represented as a sum ofν m ,n and a certain number of multiples of a definite step size. ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae The linear dependence of ν , the number of intersections averaged over the spectral interval, with k = √ E as shown verifies this proposed scaling since j is determined by the increasing order of E or specifically, E ∼ j.
Let I λ (E) be the spectral interval [E, E + λE] where λ > 0 is arbitrary. N I denotes the number of eigenvalues of the wavefunction in the interval I λ (E). It has been shown in [14] that the number of boundary domainsν j , which is equal to the number of boundary intersection points in two dimensions, is O( √ j). The variation ofν j with j for the triangle billiards is plotted in Figure 2 .3(a) and the corresponding representation of both quantities on a logarithmic scale confirms the aforementioned scaling. Furthermore, averaged over the spectral interval, ν is studied as a function of k = √ E and the results thereof are presented in Figure 2 .3(b). We observe that the graph is very nearly perfectly linear, thereby indicating that ν ∝ k akin to the predictions of the random wave model for chaotic billiards where ν ≈ kL/2π as proved by [5] . This proportionality also establishes thatν j ∼ O( √ j). However, the dissimilarity with the model arises from the fact that var(ν) is not directly proportional to k for the equilateral triangle. We return to the statistical properties in the next Section.
The nodal loop count
The nodal loop count for a wavefunction ψ m,n is easily evaluated from the total number of nodal domains and the number of boundary intersections, which is computed by (2.7). It is important to note that the loop count is zero if and only if
As in the case of the total number of domains, let the wavefunctions be categorised into equivalence classes based on the value of c = m mod 3n. A similar analysis of the second difference of the loop counts reveals that the same recurrence relation is satisfied by the loops as well. Therefore,
This equation has the same general solution as (2.2). However, it is much more insightful to consider the sequence {I m,n , I m+γn,n , I m+2γn,n , . . . }, γ ∈ N and m/γ ∈ N. The arrangement also ensures that all the wavefunctions corresponding to the loop counts in any sequence belong to the same residue class c I = m mod n. It is further observed that
The set θ = {θ 1 , θ 2 , θ 3 } is naturally a characteristic of n, γ and c I and possesses the property that
maps the set θ to the set ϑ, which bears the obvious property that all of the elements ϑ i , being the deviations from a certain average, sum to zero. This implies,
Additionally, ϑ is independent of γ but is identical for c I and n − c I , provided that n remains constant. The second difference is also periodic with a period of 3γn such that θ i as well as ϑ i is the same for I m,n and I m+3γn,n . We show in the following Section that the set ϑ encodes the point group symmetry of the equilateral triangle that is visible in the pattern of the nodal domains.
Origin of C 3 point group symmetry
(a) (b) Figure 2 .4: (a) A plot of the nodal structure of the wavefunction ψ13,5, which belongs to the A1 class. The functions of this class are necessarily symmetric under the operation R120 of clockwise rotation through 120
• about the incentre of the triangle . (b) The pattern of domains for ψ13,6, which exhibits the properties of the E symmetry class. The function is symmetric about R1 and under no other operation, excluding I. The operations R120 and R1 are as defined below. All wavefunctions are positive in the white areas and negative in the darkened regions.
All the eigenfunctions of the symmetric mode of the equilateral triangle billiards may be classified into the A1 or E classes of the C 3v point group [16] based on the symmetry properties of their nodal structure. Let the vertices of an equilateral triangle be labelled with the three possible values of m i mod 3, where m i ∈ {m, m + 3γn, m + 6γn, . . . } and m/γ ∈ N. Let R i (i = 0, 1, 2) connote reflection of the triangle about the line passing through the vertex i and perpendicular to the opposite side. The operation of rotation of the triangle through an angle z • clockwise about the incentre is denoted by R z (z = 120, 240). These five symmetry operations together with the identity operation I constitute the C 3v group. The vertex marked with m i mod 3 is assigned the value of ϑ i , where m i and ϑ i correspond to m and ϑ i in (2.10) respectively. If the notation (ϑ 1 , ϑ 2 , ϑ 3 ) is used to indicate that ϑ 1 , ϑ 2 and ϑ 3 are assigned to the vertices with labels 0, 1 and 2 respectively, then these six operations are mathematically defined as follows:
As γ is changed, keeping in consideration the enforcement of non-tiling conditions, the three values of ϑ i are permuted with respect to the vertices labelled by m i mod 3. Any such transformation brought about by the variation in γ is exactly equivalent to one of the three rotation operations that constitute the C 3 group, a simple subgroup of the C 3v group. Most importantly, all such transformations obey the composition law of the group. Let γ = i and γ = f be the initial and final states of the system, denoted as γ i and γ f respectively. Then the series of N operations
where γ z i are the intermediate states, is equivalent to a single symmetry operation of the C 3 group defined as The concept is illustrated by Figure 2 .5 for n = 7 and c I = 1. For instance, the transformation from γ = 4 to γ = 10 may either be effected throught the series of operations shown, or through the single identity operation I, which is equivalent to the composition of the three. Similarly, the transformation from γ = 1 to γ = 11 is enacted by a single application of R 120 which is obtained mathematically as the composition of the operations outlined in the diagram. Only those values of γ for which γ = 3z, z ∈ N are represented in the diagram in accordance with (2.9).
Figure 2.5 may be extended to higher values of γ but the fingerprints of the C 3 symmetry continue to persist. Considering z ∈ N, let the fundamental operation for a particular n be defined as R 120 if n = 3z + 1 and R 240 if n = 3z − 1. The case when n = 3z is deliberately not considered as all the members of any class c I have the same value of m mod 3 in such a situation. The fundamental operation, denoted by O F , effects the transformation γ → γ +1. Thereafter, the transformation γ → γ +z, z ∈ N is effected by the single operation (O F ) z which is equivalent to the composition of z succesive applications of O F . Owing to this property, the transformation γ → γ + 3 is always defined by the identity operation.
Two further examples of these group-theoretic considerations are presented in the Appendix A for further elucidation and corroboration of the idea. We believe that this observation is quite beautiful, and reassuring in the group-theoretic sense.
Nodal domain statistics
The statistics of nodal domains is extremely important for the analysis of the equilateral triangle billiard. Statistical analysis of the eigenfunctions of equilateral triangle billiard clearly establishes its distinctiveness with reference to both chaotic and separable systems. At the same time, it also presents an image of the underlying classical ray dynamics of the triangle. We present the results obtained from the numerical experiments. Along with these, we also present some analytical results for the statistics on the count of boundary intersections.
The normalised number of boundary intersections
The normalised number of nodal intersections with the boundary associated with each wavefunction is defined as η j =ν j √ j , since the appropriate parameter for normalisation was verified to be √ j above. The η distribution for I λ (E), which is a characteristic of the system, is
Hence, the limiting distribution of P for the system is
Unlike the distribution for chaotic billiards that limits to a single-peak Dirac delta function centered at η = L √ πA (where L is the perimeter of the billiard) or separable systems which exhibit monotonic behaviour, this distribution for 882455 eigenfunctions is composed of multiple peaks of different strengths at certain characteristic values of η. Since the length of the boundary L serves to only scale the wavefunction over the domain D, as may be seen from (1.3), but does not affect the fundamental pattern of the nodal domains per se, the boundary intersections count is independent of the length of the sides. We therefore suggest that the three distinctly sharp peaks of P (η) correspond to certain geometric quantities related to the equilateral triangular domains. 
Analytical treatment
We follow the methods outlined by [6, 15] in this development. As discussed in [6] , we begin by the parametrization of the spectrum by introducing the transformations m = √ E cos θ and n = √ E cos θ + 3 sin
It is observed that m 2 +n 2 −mn = E. The cumulative density of energy levels follows the Weyl formula:
Consider only the non-tiling case, we haveν j = 2m − 4 or 2m − 8 as is appropriate. Therefore,
where
Substituting cos θ = y, the distribution is reformulated as
with ϕ 1 being defined as
It is to be noted that P (η, I) = 0 for all η > ϕ 2 , where ϕ 2 is specified as
However, there does not exist any such maximum value of η beyond which P (η, I) = 0 in the case when
. In the definition of l stated above, X max is the maximum permissible value of x as specified by the inequality
We evaluate X max for the most general case considering sufficiently excited states
The integral for P (η, I) can now be easily evaluated numerically for any given value of the parameter E 0 to obtain the distribution function for the normalised number of boundary intersections. The asymptotic distribution function has been plotted for x = √ 2 and E 0 = 2000 2 in Figure 3 .1 wherein the analytical and experimental results have been compared. Its inability to reproduce all the structures observed in the numerical data can be accounted for by recognising that the asymptotic result derives the distribution ofν j in the non-tiling situation when at least one of m + n and m − n + 1 is not divisible by 3 as per (2.6). However, the discrepancies with the actual distribution arise due to the fact that the spectral interval [2000 2 , 2 × 2000 2 ] includes multiple eigenstates which are in violation of the aforementioned condition as also wavefunctions corresponding to the tiling cases -the contributions from these additional states lead to the formation of the distinct maxima observed. In the non-tiling case considered for simplicity, the primary success of the analytical consideration stems from the theoretical prediction of the existence of a system dependent parameter η = ϕ 2 , the maximum value of the normalised number of boundary intersections, such that P (η) = 0 ∀ η > η . As can be observed from the graph, the value of ϕ 2 from the above-mentioned expression for E 0 = 2000 2 is 3.43, in close agreement with the numerical result, which indicates that the distribution P (η) is nearly zero beyond approximately 3.35. Each wavefunction ψ m,n may be associated with the normalised nodal domain number ξ j = ν j j , 0 < ξ j < 1. Taking the spectral interval I λ (E) to be as defined previously for (3.1), the ξ distribution for the interval may be similarly defined as
The normalised number of nodal domains
The limiting distribution of the parameter ξ is consequently obtained from (3.7) as
For computational convenience, the Dirac delta function is well approximated by the Gaussian representation defined by , where ξ represents the normalised number of nodal domains. The structural nature of both the curves is nearly identical. The distribution rises sharply at the same value of ξ for which the principal peak is observed in the plot of P (ξ) against ξ.
The distribution P [ξ, I λ (E)] is shown in Figure 3 .2 for all the eigenfunctions of the symmetric mode in the intervals [10000, 20000] and [20000, 40000] with λ = 1 with the analysis being extended over 3014 and 6028 wavefunctions respectively. As observed for the boundary intersections count, the figure resembles neither the distribution for separable billards nor that of chaotic billiards. An extremely sharp fundamental peak is observed in the plot, which is flanked by three smaller but prominent secondary peaks. As the value of E for the interval I 1 (E) increases, the entire distribution, including all the peaks, shifts towards the left while the peaks become narrower and sharper. Nevertheless, the inherent form or the basic structure of the distribution remains nearly unchanged with the variation in E. The translation of the peaks provides an insightful hint towards the asymptotic behaviour of P [ξ, I λ (E)]. However, it remains insufficient to conclude about the nature or existence of the limiting distribution, if any. Further attempts to obtain an analytical expression for this limiting distribution could proceed as per the methods outlined by [15] . The corresponding integrated distribution for the system is denoted by
It has been shown by Pleijel [17] that
where j 0 is the first zero of the Bessel function J 0 (.). It is evident from Figure 3 .2 that the wavefunctions for the equilateral triangle respect the bound imposed by the aforementioned value of the limit superior since P (ξ) ≈ 0 ∀ ξ > 0.58.
The signed area distribution
The area of a nodal domain of the j-th eigenfunction is bounded by the relation [18] 
where j 0 is the first zero of the zeroth order Bessel function J 0 . Let |Ω(ψ)| + and |Ω(ψ)| − represent the total area of the domain where the wavefunction is positive and negative respectively. Furthermore, ν + and ν − are used to denote the total number of positive and negative domains of the wavefunction. |Ω| is the total area of the billiards.
Let ζ 1 and ζ 2 be two scaled variables defined as
The variance of the parameter ζ 1 defines the normalised signed area variance of the system and is shown in Figure 3.4 (b) . The probability distributions of ζ 1 and ζ 2 are shown in Figure 3 .5.
The distribution function for ζ 1 peaks at a slightly positive value while that of ζ 2 presents the principal peak at a negative value along with three smaller but significant peaks further towards the negative side. The distribution function of ζ 2 shows that the number of negative domains is likely to be greater than the number of positive domains for a given state, i.e. ζ 2 < 0. However, it can also be seen that the total area of the positive domains is likely to be slightly greater than the total area of the negative domains, i.e. ζ 1 > 0 for a particular state. Figure 3 .5: The probability distributions of the normalised variables ζ1 and ζ2, depicted as the dashed and solid curves respectively. Interestingly, both the curves are off-centred and neither is symmetric about zero. The total number of the negative domains is likely to slightly exceed that of the positive, but the reverse holds for the respective total areas of the positive and negative domains.
The cumulative nodal loop count
The statistics of the number of boundary intersections have already been analysed extensively in Section 2.2. The present discussion focusses on the nodal loop count.
The two continuous cumulative counting functions introduced by [7] are defined as
where the nodal loop count of the jth eigenfunction is denoted by l j and k j = E j . The nodal counting function can be expressed as a trace formula for surfaces of revolution [19] which comprises of a smooth (Weyl-like) part determined by the geometric parameters of the domain, and an oscillatory component dependent on the lengths of the classical periodic orbits on the domain and their actions. This intricate connection of the classical periodic orbits with the sequences of nodal counts rationalises a similar investigation of the counting functions defined previously for the equilateral triangle billiards. When examined numerically, both the functions C(N ) and V (k) are noticed to have a reasonably well-defined smooth term and an oscillating term. Similar to the case of separable billiards, the smooth part of C(N ) is approximately O(N 2 ) while that of V (k) is very nearly O(k 4 ). The oscillatory components of both C(N ) and V (k) are easily obtained by subtracting out the smooth part, after interpolation, from the tables of evaluated values of the corresponding functions. The contribution of the periodic orbits is ascertianed by considering the Fourier transform of C osc (N ) and V osc (k). The Fourier transform of C osc (N ) is carried out not with respect to N but rather, with respect to the variable c = 4π
, following [7] . The lengths of the classical periodic orbits on an equilateral triangular domain, having each side of length a, are given by [9, 20] as L p,q = a 3(p 2 + pq + q 2 ), where (p, q) ∈ Z 2 \(0, 0).
Such a closed orbit of length L p,q makes an initial angle of tan
the horizontal. A linear combination of peaks is observed on inspecting the Fourier transform of V osc (k). The prominent contributions of the periodic orbits belonging to certain important families are noticed in both Figures 3.6 and 3.7 and these have been enumerated in the following discussion. Moreover, the power spectrum of V osc (k) also shows a significant peak at a length of 3π 2 . This corresponds to an isolated orbit, the trajectory of which is simply the pedal triangle of the equilateral triangle. The power spectrum also shows characteristic peaks at values of l = 2zπ, z ∈ N, although there exists no closed trajectories of such lengths, thus implying the presence of additional factors in the billiard's dynamics. Examination of the power spectrum of C osc (N ) also shows a number of distinct peaks of similar nature, the positions of some of which exactly correspond to the lengths of certain periodic orbits. [20, 21] tabulates the path lengths for the closed orbits (and recurrences) on the equilateral triangle for which L p,q a < 20. Although several periodic orbits corresponding to different values of the integers p and q are shown in Figure 3 .7, there is a clear demarcation of two important families.
1. The trajectories, which start off parallel to the horizontal and bounce from each side of the triangle twice to ensure closure of the path. The length of any orbit of the family is naturally L = 3zπ, z ∈ N.
2. The closed paths that traverse a length of √ 3π in each period and start off at an initial angle of 30 • with respect to the horizontal.
The fingerprints of the classical periodic orbits noted in the Fourier transforms of C(N ) and V (k) strongly hint at the possibility of the existence of a trace formula for both the quantities.
Summary and discussion
Counting and classification of patterns is an important and difficult task. Here we have tried to understand the spatial patterns generated by the signs of the eigenfunctions of the equilateral triangle billiard. This is a nonseparable, integrable system for which we know the solutions of the Helmholtz equation since the times of Lamè. The approach is phenomenological insofar as it is guided by the numerical coding of the patterns but we have nevertheless obtained equations from the plethora of data, which we have been able to solve. The solutions are verified over a large number of eigenfunctions. The number of nodal domains, boundary intersections, nodal loops and the signed area distribution are all studied. For each of these quantities, we have obtained expressions and given convincing evidence of the results in terms of analytical and numerical forms.
We believe the connections we have found between the arrangement and 'evolution' of the triplets (elaborated further in the Appendix) with the theory of groups is exciting. In a sense, this observation encodes the beauty of the nodal patterns in the form of triplets that provide a link with the underlying symmetry group. The periodic recurrence of these indices (fractions) was unanticipated as was the belief that they would encode the patterns analysed in this article. The connection of the statistical quantities with periodic orbits of the billiard, which was expected owing to earlier works, has been verified and extended for the equilateral triangle domain herein. Several results indicate suggestive comparisons and departure from the results known for separable and chaotic billiards.
We believe that the studies and results found here will pave the way for future work on non-separable and polygonal billiards.
Appendix A
Two examples of the group-theoretic considerations of the nodal loops of the equilarateral triangle billiard, discussed in Section 2.4, are presented here for illustration and corroboration of the ideas introduced. Figure A: The permutation of the labels ϑi, corresponding to change in γ, with respect to the vertices labelled by mi mod 3, shown for (a) n = 4, cI = 1 and (b) n = 5, cI = 2. The rotation operation for each transformation is indicated. The composition law of the C3 group is evident herein. The transformation from γ → γ + z, z ∈ N is effected by z succesive applications of the R120 and R240 operators in the first and second case respectively.
Proceeding with the definition of ϑ provided by (2.10), it is observed that the set consists of only three possible values whenever all the quantum numbers m considered are multiples of a certain fixed γ ∈ N and belong to the same equivalence class c I = m mod n. More importantly, the values of ϑ i corresponding to m and m + γn are the same (provided c I and n remain constant), which shows the existence of a well-defined periodicity of γ with respect to m. The set ϑ has been enumerated for different values of n and c I and the three possible values in each case are listed below in the following table. For observation of the underlying group-theoretic properties of the system, it is convenient to adopt the pictorial representation of an equilateral triangle, the vertices of which are marked with the three values of m i mod 3 = {0, 1, 2}. Such a mode of depiction is only for ease of visualisation (since there are only three distinct values in the set ϑ) and is merely a representational means of understanding the symmetry relations. The vertex tagged with m i mod 3 is assigned a label of ϑ i , where ϑ i is the value obtained from the solution of (2.10) on substituting the corresponding m i . The rearrangement of the labels of the vertices with respect to the variation of γ is studied. Any such permutation can be conveniently represented by a specific rotation of the triangle constructed, as above. The examples shown here serve to establish that these operations obey the composition law of the C 3 group whereby any combination of operations can be effectively implemented by a single transformation. Knowledge of the relative positions of the labels for any one value of γ enables the extension of the diagram to higher values of γ through succesive applications of a certain ascertainable transformation. Thereafter, calculation yields the number of nodal loops for higher values of the quantum number m using the appropriate values of ϑ i in (2.10) and hence, permits the determination of the number of nodal domains.
We would like to conclude by listing questions that are brought out of our study, and remain unanswered.
